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Regarding the strong magnetic field of neutron stars and high energy regime scenario which is
based on high curvature region near the compact objects, one is motivated to study magnetic neutron
stars in an energy dependent spacetime. In this paper, we show that such strong magnetic field and
energy dependency of spacetime have considerable effects on the properties of neutron stars. We
examine the variations of maximum mass and related radius, Schwarzschild radius, average density,
gravitational redshift, Kretschmann scalar and Buchdahl theorem due to magnetic field and also
energy dependency of metric. First, it will be shown that the maximum mass and radius of neutron
stars are increasing function of magnetic field while average density, redshift, the strength of gravity
and Kretschmann scalar are decreasing functions of it. These results are due to a repulsive-like force
behavior for the magnetic field. Next, the effects of the gravity’s rainbow will be studied and it
will be shown that by increasing the rainbow function, the neutron stars could enjoy an expansion
in their structures. Then, we obtain a new relation for the upper mass limit of a static spherical
neutron star with uniform density in gravity’s rainbow (Buchdahl limit) in which such upper limit
is modified as Meff <
4c2R
9G
. In addition, stability and energy conditions for the equation of state
of neutron star matter are also investigated and a comparison with empirical results is done. It is
notable that the numerical study in this paper is conducted by using the lowest order constrained
variational (LOCV) approach in the presence of magnetic field employing AV18 potential.
I. INTRODUCTION
Neutron stars with high-density baryonic matter and in the presence strong magnetic fields are of considerable
interests in astrophysics. Interior strong magnetic field of a neutron star can form from the compression of constant
magnetic flux. This magnetic field can be as large as 1019 G in the core of high density inhomogeneous gravitationally
bound neutron stars [1]. By comparing with the observational data, the magnetic field strength of neutron stars is
obtained about 1019 G [2]. Besides, in the quark core of the high density neutron stars, the maximum field may reach
up to about 1020 G [1, 3]. On the other hand, in order to study the compact objects such as neutron and quark
stars, one has to consider the effects of their curvature in the context of general relativity (GR). The first hydrostatic
equilibrium equation (HEE) for stars was obtained by Tolman, Oppenheimer, and Volkoff (TOV) [4–6]. Employing
TOV equation for investigating the properties of compact objects has been done by many authors [7–14].
Strong magnetic fields have important influences on the structure of compact objects [15–24]. Using magnetohydro-
dynamic simulation in full GR, the stability of neutron stars with toroidal magnetic fields has been studied [17]. It is
found that non-rotating neutron stars are dynamically unstable for some value of magnetic field strength. Considering
the equation of state (EoS) of the nuclear matter within a relativistic model subjected to a strong magnetic field, it
has been shown that, the influence of magnetic field can increase the mass by more than 10% for stars with hyperons
interior [19]. Employing an effective field theory model for the nuclear EoS and by considering two magnetic field
geometries (tangled field and a force-free field), Kamiab et al [25] have shown that these fields have specific effects
on the mass of neutron stars, so that it leads to increasing of the maximum mass more that 30%. The effects of a
strong magnetic field on the nuclear EoS has been studied in [26]. Cardall et al. [16] have investigated static neutron
stars by considering polodal magnetic fields with a simple class of electric current distribution. They have used the
nuclear EoS evaluated by Broderick et al. in Ref. [26], and found that the magnetic field increases the maximum
mass of neutron stars, Astashenok et al. [27] studied neutron stars in the context of F(R) gravity. They have used
a nuclear EoS which was similar to the one extracted by Broderick et al. [26], and by assuming the global effect of
magnetic field pressure, they found that the magnetic field can also increase the maximum mass of neutron star. The
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2effects of strong magnetic fields on the structure of neutron stars in a perturbative F (R) gravity and also a quantum
hydrodynamics model have been investigated in [21]. It is shown that there exists a set of parameters for the modified
gravity and magnetic field strength in which even a soft EoS can accommodate a large maximum neutron star mass
through the modified mass-radius relation. In the framework of GR and relativistic mean field theory, employing
the coupled Einstein-Maxwell-Thomas-Fermi equations, a model for both static and uniformly rotating neutron stars
has been developed [22]. It is believed that the use of realistic parameters of rotating neutron stars obtained from
numerical integration of the self-consistent axisymmetric general relativistic equations of equilibrium leads to the
values of magnetic field and radiation efficiency of pulsars very different from estimates based on fiducial parameters.
In solar system scale or other moderate gravitational regimes, GR is an effective theory with accurate results,
whereas in context of strong gravity (near the compact objects), this theory has problems various in which we address
some of them. From the cosmological point of view, the usual GR cannot explain the accelerating expansion of the
universe [28–30]. On the other hand, in order to construct a quantum theory of gravity, we have to evaluate the
validity of theory in the ultraviolet (UV) regime. It was shown that GR is valid in infrared (IR) limit while in UV
regime, it needs to improve for producing accurate results. Therefore, in order to include the UV regime, we have to
modify GR. Horava-Lifshitz gravity [31] and gravity’s rainbow [32] are two theories which include the UV regime by
considering a modification of the usual energy-momentum relation. Among these two theories, gravity’s rainbow has
more interesting results. Garattini and Saridakis [33] have shown that considering a suitable choice of the rainbow
functions, the Horava-Lifshitz gravity can be related to the gravity’s rainbow.
Gravity’s rainbow can be originate from the generalization of double special relativity to the curved spacetime.
The doubly special relativity [34] is the special relativity when we consider another upper limit constant to this
theory. Indeed, in doubly special relativity there are two fundamental constants; the velocity of light (c), and the
Planck energy (Ep). In doubly special relativity, a particle can not attain velocity and energy larger than c and Ep,
respectively (v < c and E < Ep, in which v and E are, respectively, the velocity and the energy of a test particle).
In this theory, the metric specifying spacetime is constructed by employing the spectrum of energy that particles can
obtain [35]. Generalization of doubly special relativity in the presence of gravity leads to double GR or gravity’s
rainbow [32]. It is notable that, the gravity’s rainbow reduces to GR in the IR limit, in which the energy of particles
has no direct effect on the curvature.
It was pointed out that although gravity’s rainbow modifies thermodynamical aspects of the black objects [36–38],
the uncertainty principle is valid [39, 40]. The effects of this gravity on information paradox posed by Hawking
radiation and black holes evaporation have been studied in Ref. [41]. Also, this theory has been investigated in
context of black holes with different configurations [42, 43]. Another interesting result of this gravity is related to
early universe. Indeed by considering the energy dependent Friedmann-Robertson-Walker metric, one can study the
early universe without big bang singularity [44–47]. Therefore, it is important to investigate the structure of other
compact objects such as neutron and quark stars in this theory.
In the present work, firstly, we want to study the effects of strong magnetic field on the structure of neutron star
in Einstein gravity. Then, by generalizing Einstein gravity to gravity’s rainbow in the present of strong magnetic
fields, we will simultaneously investigated the effects of these two factors (magnetic field and rainbow function) on
the structure of neutron star matter.
II. STRUCTURE PROPERTIES OF MAGNETIZED NEUTRON STARS
In this paper, we are going to investigate the properties of the magnetized neutron stars using the TOV equation
and the EoS introduced in Appendix (see Fig. 7 in Appendix B). The TOV equation in Einstein gravity is given by
[4–6]
dP
dr
=
G
(
c2M + 4pir3P
)
c2r (2GM − c2r)
(
c2ρ+ P
)
, (1)
where M =
∫
4pir2ρ(r)dr, also P and ρ are, respectively, the pressure and density of the fluid which are measured by
local observer. G in the above equation is the gravitational constant.
Selecting central density under the boundary conditions P (0) = Pc, m(0) = 0, we integrate the TOV equation
outwards to radius r = R, at which P vanishes. This yields the radius R and mass M = m(R) (see Ref. [48]). The
effects of magnetic field on the gravitational mass and radius of neutron star are presented in table I. Also, the effects
of magnetic field on the diagrams related to mass-central mass density (M − ρ) and mass-radius (M − R) relations
are presented in Fig. 1. We found that the maximum mass and radius of magnetized neutron stars increase when
the magnetic field grows. In order to more investigation the effect of magnetic field on neutron star, we study other
interesting properties of our solution.
3TABLE I: Properties of neutron star with different magnetic fields.
B(G) Mmax (M⊙) R (km) RSch (km) ρ (10
15g cm−3) σ(RSch
R
) z K(10−7 m−2) 4c
2R
9G
(M⊙)
0 1.68 8.42 4.95 1.34 0.59 0.56 0.29 2.54
5× 1018 1.70 8.88 5.01 1.15 0.56 0.51 0.25 2.68
1× 1019 1.71 9.36 5.04 0.99 0.54 0.47 0.21 2.82
One of interesting quantities of neutron star is related to the average density of the magnetized neutron star can
be written as
ρ =
3M
4piR3
, (2)
the obtained results of average density for different magnetic fields are interesting. According to table I one finds
that the average density decreases when magnetic field increases. In other words, growing magnetic field, unlike
gravitational attraction, leads to more expansions of neutron stars.
Another important quantity which is related to the compactness of a spherical object. It can be defined as the ratio
of the Schwarzschild radius to the radius of object,
σ =
RSch
R
, (3)
which may be interpreted as the strength of gravity. Also the Schwarzschild radius is RSch =
2GM
c2
. Another quantity
which shows the strength of gravity is related to the spacetime curvature. In Schwarzschild metric, the components
of Ricci tensor (Rµν) and the Ricci scalar (R) are zero outside the star and these quantities do not give us any
information about the spacetime curvature. Therefore, we use another quantity in order to more investigation of the
curvature of spacetime. The quantity which can help us to understand the curvature of spacetime is the Riemann
tensor. According to this fact the Riemann tensor may have more components and for simplicity we can study the
Kretschmann scalar for measuring of the curvature in vacuum. Therefore, the curvature at the surface of a neutron
star in Einstein gravity is given as [49, 50]
K =
√
RµναβRµναβ =
4
√
3GM
c2R3
, (4)
The numerical results confirm that by increasing the magnetic field, the strength of gravity decreases and this may
increase the radius of these stars.
Another known parameter of neutron stars is the gravitational redshift which can be written in the following form
z =
1√
1− 2GM
c2R
− 1, (5)
as one can see, increasing B, leads to decreasing the redshift.
The dynamical stability of the stellar model against the infinitesimal radial adiabatic perturbation was introduced
by Chandrasekhar [51]. This stability condition was developed and applied to astrophysical cases by many authors
[52–55]. The dynamical stability condition is satisfied when the adiabatic index, γ, is larger than 43 , i.e, γ >
4
3 = 1.33,
everywhere within the isotropic star. The adiabatic index is defined in the following form
γ =
ρc2 + P
c2P
dP
dρ
. (6)
In order to investigate the dynamical stability of magnetized neutron star, we plot the adiabatic index versus the
radius in Fig. 2. As one can see, these stars enjoy interior dynamical stability.
Here, we want to investigate the upper mass limit of a static spherical neutron star with uniform density in GR,
so-called Buchdahl theorem [56]. The GR compactness limit is given by [56]
M ≤ 4c
2R
9G
, (7)
4FIG. 1: Gravitational mass versus the density (1015g cm−3) (right diagram) and radius (left diagram), for B = 0 (doted line),
B = 5× 1018G (continuous line), and B = 1× 1019G (dashed line).
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FIG. 2: The adiabatic index versus the radius for B = 0 (doted line), B = 5 × 1018G (dashed line), and B = 1 × 1019G
(continuous line).
in which the upper mass limit is Mmax =
4c2R
9G . Our numerical results confirm that the obtained mass of magnetic
neutron stars in GR respects Eq. (7).
Studying Fig. 7 (Appendix B), shows that the core of neutron star is more rigid when the magnetic field increases,
whiles the radius of magnetic neutron star is an increasing function of magnetic field, but the average density,
compactness, redshift and Kretschmann scalar are decreasing functions of it. Therefore, by increasing the magnetic
field, although core of the neutron star remains compact, the outer layers expand. As a results, the magnetic field
has repulsive property.
Theoretically, it has been shown that the magnetic field contributes directly to the pressure in the Einstein equations
in which pressure fits with square magnetic field (PB ∝ B2) , see Refs. [24, 27, 57, 58] for more details. This shows
that when magnetic field is increased, associated magnetic pressure, due to its repulsive nature, increases the radius
of neutron star. In other words, by adding the magnetic field to our system, its pressure increases. Such increasing
in the pressure leads to increasing the repulsive force and as a result the system will be unstable. In order to have
a stable case, the mass of the neutron star must increase. Therefore, it is a direct effect that when magnetic field is
increased, the total mass of system is increased, too.
In the next section, we want to evaluate the effects of gravity’s rainbow on the structure of neutron stars.
5III. STRUCTURE PROPERTIES OF NEUTRON STARS IN GRAVITY’S RAINBOW
Here we introduce the spherical symmetric metric in gravity’s rainbow as
ds2 = − Ψ(r)
F 2(ε)
dt2 +
dr2
H2(ε)Ψ(r)
+ r2
(
dθ2 + sin2(θ)dϕ2
)
, (8)
in which H(ε) and F (ε) are rainbow functions. In order to study the structure of neutron stars in gravity’s rainbow,
firstly we should obtain the HEE in this gravity. The HEE in gravity’s rainbow by considering the metric (8) and the
following field equation
Gνµ =
8piG
c4
T νµ , (9)
where Gνµ and T
ν
µ are the Einstein and energy-momentum tensors, respectively, is given by [59]
dP
dr
=
G
(
c2MeffH
2(ε) + 4pir3P
)
c2r (2GMeff − c2r)H2(ε)
(
c2ρ+ P
)
, (10)
where
Meff (r, ε) =
∫
4pi
H2(ε)
r2ρ(r)dr. (11)
Here, we consider an upper limit for energies which ε ≤ 1 (ε = E
Ep
, which E and EP are particle and Planck
energies, respectively. See Refs. [32–38] for more details). For H(ε) = 1, the equation (10) yields to the usual TOV
equation [4–6] (see Eq. (1)).
It is notable that there are known three cases for the rainbow function. The first one is related to the hard spectra
from gamma-ray bursts [60], with the following form
F (ε) =
eβε − 1
βε
, & H (ε) = 1. (12)
The second one is motivated by studies conducted in loop quantum gravity and non-commutative geometry [61, 62]
as
F (ε) = 1, & H (ε) =
√
1− ηεn. (13)
The third one of energy function is due to the consideration of constancy of the velocity of light [63]
F (ε) = H (ε) =
1
1− λε , (14)
where in the above models β, η and λ are constants which can be adjusted by experiment. Here, we are going to
investigate more properties of the neutron stars by using the obtained HEE in gravity’s rainbow. As it was shown,
the obtained HEE for gravity’s rainbow only depends to rainbow function of H (ε). This shows that, the first model
can not be useful for investigating the structure of neutron stars, because in this case the extracted HEE will yield
Einstein’s HEE (TOV equation) and we do not see any effects of rainbow functions. We consider the third model for
three reasons; i) more effectiveness; this model (third model) affects temporal and spatial coordinates, simultaneously,
on the contrary, the effects of the first and second models are only on temporal coordinate and spatial coordinates,
respectively. ii) low number of free parameters; there are two free parameters for the second model, whereas the third
model has one free parameter. iii) phenomenologically logical; third set of rainbow functions comes from the constancy
of light velocity, which we would like to respect it. The results are collected in table II. As one can see, by increasing
rainbow function, the maximum mass and the corresponding radius of neutron star increase. This emphasizes the
contributions of the gravity’s rainbow on properties of neutron stars.
The average density of neutron star in this gravity can be written as
ρ =
3Meff
4piR3
. (15)
6TABLE II: Structure properties of neutron star in gravity’s rainbow with F (ε) = H(ε) = 1
1−λε
for λ = 2.
E(Epl) H(ε) Mmax (M⊙) R (km) RSch (km) ρ (10
15g cm−3) σ(RSch
R
) z K(10−7 m−2) 4c
2R
9G
(M⊙)
E ≪ 1 1.00 1.68 8.42 4.95 1.34 0.59 0.56 0.29 2.54
0.0833 1.20 2.02 10.10 5.95 0.93 0.59 0.56 0.25 3.04
0.1428 1.40 2.36 11.79 6.99 0.69 0.59 0.56 0.24 3.55
0.1875 1.60 2.69 13.47 7.93 0.52 0.59 0.56 0.24 4.06
0.2222 1.80 3.03 15.16 8.93 0.41 0.59 0.56 0.24 4.57
0.2500 2.00 3.37 16.84 9.93 0.34 0.59 0.56 0.24 5.08
Table II shows that the average density decreases when H(ε) increases. The Schwarzschild radius in this gravity is
given as [59]
RSch =
2GMeff
c2
, (16)
the Schwarzschild radius increases when H(ε) increases.
We obtain the compactness of a spherical object (σ), by using the obtained Schwarzschild radius (Eq. (16)) and
Eqs. (3) and (11), as
σ =
8piG
c2H2(ε)R
∫ R
0
r2ρ (r) dr. (17)
The gravitational redshift in gravity’s rainbow can be written in the following form [59]
z =
1√
1− 2GMeff
c2R
− 1 = 1√
1− 8piG
c2H2(ε)R
∫ R
0 r
2ρ (r) dr
− 1 = 1√
1− σ − 1. (18)
The above equations show that the compactness of a spherical object and the gravitational redshift depend on both
the rainbow function (H2 (ε)) and the radius of neutron star (R). On the other hand, numerical calculations showed
that increasing the rainbow function leads to increasing the radius of neutron star, too. So, based on numerical
calculations, we have concluded that changing the rainbow function does not have any significant role in σ and z up
to our numeric precision (see table. II). Also, it was shown that, these stars have the dynamical stability (see Figs. 5
and 6 of Ref. [59], for more details).
Here we want to obtain the curvature at the surface of a neutron star in gravity’s rainbow. Considering the metric
(8) with field equation (9), we can obtain the Kretschmann scalar as
K =
2H(ε)
R2
√[
1− 4GM (c
2R− 3GM)
c4R2
]
H4(ε) +
2 (2GM − c2R)H2(ε)
c2R
+ 1. (19)
It is notable that when H(ε) = 1, the Kretschmann scalar of Einstein gravity (Eq. 4) will be recovered. The results
show that, by increasing rainbow function which leads to increasing of radius and mass of neutron stars, but the
strength of gravity decreases.
Another important quantity which is interesting for evaluation is related to the upper mass limit of a static spherical
neutron star with uniform density in gravity’s rainbow. For this purpose, we have to obtain Buchdahl theorem in an
energy dependent spacetime. Solving the integral given in Eq. (11), we obtain
Meff =
4piρ
3H2(ε)
r3. (20)
Inserting Eq. (20) into the obtained HEE in gravity’s rainbow (10), we have
dP
dr
= − 4piGr
3c4H2(ε)
(
c2ρ+ 3P
) (
c2ρ+ P
)(
1− 8piG3c2H2(ε)ρr2
) . (21)
7Integrating from a central pressure pc = p(r = 0), we have∫ p
pc
dP ′
(c2ρ+ 3P ′) (c2ρ+ P ′)
= − 4piG
3c4H2(ε)
∫ r
0
r′dr′(
1− 8piG3c2H2(ε)ρr′2
) , (22)
in which the integral on the right-hand side of the above equation is
− 4piG
3c4H2(ε)
∫ r
0
r′dr′(
1− 8piG3c2H2(ε)ρr′2
) = 1
4c2ρ
∫ 1− 8piG
3c2H2(ε)
ρr2
1
dy
y
=
1
4c2ρ
ln y
∣∣∣∣1− 8piG3c2H2(ε) ρr21
=
1
4c2ρ
ln
(
1− 8piG
3c2H2(ε)
ρr2
)
, (23)
which we have used of y = 1− 8piG3H2(ε)r′2ρ in the above equation. On the other hand, the left-hand side of Eq. (22) is∫ p
pc
dP ′
(c2ρ+ 3P ′) (c2ρ+ P ′)
=
1
2c2ρ
ln
(
c2ρ+ 3P ′
c2ρ+ P ′
)∣∣∣∣p
pc
=
1
2c2ρ
[
ln
(
c2ρ+ 3P
c2ρ+ P
)
− ln
(
c2ρ+ 3Pc
c2ρ+ Pc
)]
. (24)
Combining Eqs. (23) and (24), we can write
1
2c2ρ
[
ln
(
c2ρ+ 3P
c2ρ+ P
)
− ln
(
c2ρ+ 3Pc
c2ρ+ Pc
)]
=
1
4c2ρ
ln
(
1− 8piG
3c2H2(ε)
ρr2
)
, (25)
so we have
c2ρ+ 3P
c2ρ+ P
=
c2ρ+ 3Pc
c2ρ+ Pc
√
1− 8piG
3c2H2(ε)
ρr2, (26)
in which by using Eq. (20), we can rewrite it as
c2ρ+ 3P
c2ρ+ P
=
c2ρ+ 3Pc
c2ρ+ Pc
√
1− 2GMeff (r, ε)
c2r
. (27)
In order to obtain an expression for finding how the radius of star depends on its mass and density, we use the fact
that the pressure of a star on its surface vanishes, i.e., p(r) = 0 for r = R (p(R) = 0). So we can obtain
2GMeff
c2R
= 1−
(
c2ρ+ Pc
c2ρ+ 3Pc
)2
. (28)
Introducing a new dimensionless variable as x = c
2ρ
Pc
, we can rewrite Eq. (28) with the following form
2GMeff
c2R
= 1−
(
x+ 1
x+ 3
)2
= 1− [S(x)]2 , (29)
where S(x) = x+1
x+3 . According to this fact the variable x is functions of Pc and ρ in which both them can never be
negative, hence x can not be negative and also due to the negative sign of the S(x), Eq. (29) reaches its maximum
value when S(x) reaches its minimum value. In order to find the minimum of the S(x), we find the derivative as
dS(x)
dx
= 2
(x+3)2
. This is always positive. Thus S(x) increases with increasing x, and the minimum of S(x) is located
at x = 0. Inserting x = 0 in Eq. (29), we have
GMeff max
c2R
=
4
9
, or Meff max =
4c2R
9G
. (30)
8The equation (30) gives the value for the maximum mass of a star of given radius in gravity’s rainbow. As a results
of our calculation for finding the upper mass limit for a static spherical neutron star with uniform density in gravity’s
rainbow, the obtained mass of neutron stars we must be in the range
Meff <
4c2R
9G
. (31)
It is notable that, for H(ε) = 1, this limit reduces to Einstein case (M < 4c
2R
9G ). Our results of mass of magnetic
neutron stars in gravity’s rainbow show that these masses are in the obtained range of Eq. (31).
The maximum mass and radius of neutron star are increasing functions of the rainbow function while the average
density and the Kretschmann scalar were a decreasing function of it. These properties indicate that increasing the
rainbow function results into expansion of the neuron star.
IV. STRUCTURE PROPERTIES OF MAGNETIZED NEUTRON STARS IN GRAVITY’S RAINBOW
Considering the EoS introduced in Appendix A and B, we want to calculate the properties of magnetic neutron
star in gravity’s rainbow in this section. The effects of rainbow function and magnetic field on the diagrams related
to M − ρ and M − R relations are presented in Figs. 3 and 4. As one can see, by increasing rainbow function and
magnetic field, the maximum mass and radius of magnetized neutron stars increase. It is notable that for H(ε) = 1,
the maximum mass of these stars reduces to the results obtained in the Einstein gravity (see table I), as expected.
By increasing rainbow function (H(ε) > 1) and magnetic field, the maximum mass of these stars will be larger than
the case of the Einstein gravity (see table III and Figs. 3 and 4). This emphasizes the contributions of the gravity’s
rainbow and magnetic field on properties of neutron stars. The effects of magnetic fields on the gravitational masses
of neutron stars and M-R relation for a fixed amount of the rainbow function are presented in Fig. 5. The maximum
mass and radius of magnetized neutron star for each value of the rainbow function increase when the magnetic field
grows (see table III). Our results cover the mass measurement of massive magnetized neutron stars. For example;
about 1.8M⊙ for Vela X-1 [64], PSR J1614-2230 [65] about 1.97M⊙, PSR J0348+0432 [66] about 2.01M⊙, 4U 1700-377
[67] about 2.4M⊙, and J1748-2021B [68] about 2.7M⊙.
Previously, Rhoades and Ruffini have shown that by employing the principles of causality and Le Chantelier in
Einstein gravity, the mass of neutron star can not be larger than 3.2M⊙ [69]. Here, it was shown that the principles of
causality and Le Chantelier are valid for the EoS in this paper (see Appendix B). In addition, we find that depending
on choices of rainbow function, the mass of the neutron star could be larger than 3.2M⊙.
The results for the Schwarzschild radius show that for each value of the magnetic field with stronger gravity’s
rainbow, the Schwarzschild radius has higher value. In addition, with a fixed amount of rainbow function, the
Schwarzschild radius grows when the magnetic field increases. Moreover, the average density of the magnetized
neutron star shows that the average density decreases when both H(ε) and B increase.
The compactness of this star confirms when H(ε) increases, the strength of gravity is the same, but by increasing
the magnetic field, the strength of gravity decreases and this may increase the radius of this star.
Using Eq. (19), we find that for a fixed value of the magnetic field by increasing rainbow function, the strength of
gravity of a neutron star has smaller values. In addition, with a fixed amount of rainbow function, the Kretschmann
scalar decreases when the magnetic field increases.
It is notable that, by increasing B leads to decreasing the gravitational redshift. On the other hand, considering a
fixed value of magnetic field, the rainbow function does not affect the gravitational redshift. Our results show that,
the maximum redshift for this star is about 0.51, which is lower than the upper bound on the surface redshift for a
subluminal equation of state, i.e z = 0.85 [70].
In order to investigate the dynamical stability of magnetized neutron star, we plot the adiabatic index versus the
radius in Fig. 6. As one can see, these stars have the dynamical stability inside.
As previously mentioned, the pressure can be written as PB ∝ B2. In other words, by adding the magnetic pressure
(PB) to the pressure of the fluid (P ), the pressure power increases. On the other hand, in order to have a stable
magnetic neutron star, the gravitational force has to increase and this leads to increasing of mass of magnetic neutron
star.
V. COMPARISON BETWEEN THEORY AND OBSERVATIONS
One of the interesting features of our calculations is related to comparison of the theory and its predictions with the
empirical evidences. For this purpose, we compare our results with the observational data. We have presented this
9TABLE III: Properties of magnetic neutron star in gravity’s rainbow with F (ε) = H(ε) = 1
1−λε
for λ = 2.
E(Epl) H(ε) B(G) Mmax (M⊙) R (km) RSch (km) ρ (10
15g cm−3) σ(RSch
R
) z K(10−7 m−2) 4c
2R
9G
(M⊙)
E ≪ 1 1.00
5× 1018
1× 1019
1.70
1.71
8.88
9.36
5.01
5.04
1.15
0.99
0.56
0.54
0.51
0.47
0.25
0.21
2.68
2.82
0.0833 1.20
5× 1018
1× 1019
2.03
2.05
10.66
11.23
5.98
6.04
0.79
0.69
0.56
0.54
0.51
0.47
0.21
0.18
3.21
3.38
0.1428 1.40
5× 1018
1× 1019
2.37
2.40
12.43
13.10
6.99
7.07
0.58
0.51
0.56
0.54
0.51
0.47
0.20
0.18
3.75
3.95
0.1875 1.60
5× 1018
1× 1019
2.71
2.74
14.21
14.98
7.99
8.08
0.45
0.39
0.56
0.54
0.51
0.47
0.20
0.18
4.28
4.52
0.2222 1.80
5× 1018
1× 1019
3.05
3.08
16.10
16.84
8.99
9.08
0.35
0.31
0.56
0.54
0.51
0.47
0.20
0.18
4.85
5.08
0.2500 2.00
5× 1018
1× 1019
3.39
3.42
17.76
18.72
9.99
10.08
0.29
0.25
0.56
0.54
0.51
0.47
0.20
0.18
5.35
5.64
FIG. 3: Gravitational mass versus the density (1015g cm−3) (right diagram) and radius (left diagram), for B = 5 × 1018G,
H(ε) = 0.9 (continuous line), H(ε) = 1 (doted line), H(ε) = 1.2 (dashed line), H(ε) = 1.5 (dashed-dotted line), and H(ε) = 1.7
(bold line).
comparison in table IV. It is clear that the results derived in this theory are in agreement with the results obtained
through observations. It is notable that for non-magnetized neutron stars, the radius obtained through gravity’s
rainbow are smaller than the observed values. However, the radius of the magnetized neutron stars are in the range
of the observed values. This is due to the fact that we have considered the magnetic field of neutron stars in our
calculations (see table IV for more details).
It is worthwhile to mention that obtaining radius with the observational measurement has specific difficulties.
However, with using this theory, we can obtain the radius of neutron stars. The results of the theoretical calculations
are presented in table IV. For observational cases, the theory under consideration with strong magnetic field predicts
a set of radii for some cases such as J1748-2021B and 4U 1700-377, which are about 14.78 (km) and 13.15 (km),
respectively.
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FIG. 4: Same as Figs. 3 but for B = 1× 1019G.
FIG. 5: Gravitational mass versus the density (1015g cm−3) (right diagram) and radius (left diagram), for H(ε) = 1.2, B = 0
(continuous line), B = 5× 1018G (doted line), and B = 1× 1019G (dashed line).
VI. CONCLUSIONS
The paper at hand studied the structure of magnetized neutron stars through the use of LOCV method and AV18
potential employing the hydrostatic equilibrium equation in Einstein gravity. It was shown that while the maximum
mass and radius of neutron star are increasing functions of the magnetic field, the average density, compactness,
redshift and Kretschmann scalar are decreasing functions of it. This results into expansion of the neutron star in case
of increasing power of the magnetic field. In some senses, the magnetic field may have repulsive force property.
Next, the effects of the gravity’s rainbow were explored. It was shown that the compactness and the gravitational
redshift are not sensitive to variation of the rainbow function, the maximum mass and radius of neutron star were
increasing functions of it and the average density and Kretschmann scalar were decreasing functions of it. Therefore,
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FIG. 6: The adiabatic index versus the radius for H(ε) = 1.4.
TABLE IV: Mass and radius of neutron stars through observations and theory by considering F (ε) = H(ε) = 1
1−λε
, and λ = 2.
Observations Theory
name M (M⊙) R (km) B(G) E(Epl) H(ε) M (M⊙) R (km)
J1748 − 2021B 2.70 unknown
0.0
5× 1018
1× 1019
0.1875
0.1855
0.1835
1.60
1.59
1.58
2.70
13.52
14.12
14.78
4U 1700 − 377 2.40 unknown
0.0
5× 1018
1× 1019
0.1478
0.1453
0.1428
1.42
1.41
1.40
2.40
12.00
12.57
13.15
PSR J0348 + 0432 2.01 13(±2)
0.0
5× 1018
1× 1019
0.0798
0.0762
0.0726
1.19
1.18
1.17
2.01
10.01
10.54
11.00
PSR J1614 − 2230 1.97 13(±2)
0.0
5× 1018
1× 1019
0.0726
0.0689
0.0652
1.17
1.16
1.15
1.97
9.88
10.35
10.80
4U 1608− 52 1.74 9.3(±1)
0.0
5× 1018
1× 1019
0.0145
0.0098
0.0049
1.03
1.02
1.01
1.74
8.71
9.13
9.52
increasing the rainbow function leads to expansion of the neutron stars. Furthermore, it was also pointed out that it
is possible to have magnetized neutron stars with mass larger than 3.2M⊙ in gravity’s rainbow.
Finally, a comparison with the observational data was done and it was shown that our theoretical results are in
agreement with the empirical evidences of neutron stars.
Briefly, we obtained the quite interesting results for magnetic neutron star in an energy dependent spacetime such
as: I) EoS derived from microscopic calculations satisfied Le Chatelier’s principle and also both energy and stability
conditions, simultaneously (see Appendix B). II) The maximum mass and radius of neutron star were increasing
functions of magnetic field and rainbow function. III) The obtained maximum mass of magnetic neutron star can be
more than 3.2M⊙, due to considering an energy dependent spacetime. IV) Magnetic neutron star in gravity’s rainbow
was dynamically stable. V) Obtained results of magnetic neutron stars in gravity’s rainbow are consistent with all
the measured masses of pulsars and neutron stars such as; Vela X-1 (about 1.8M⊙ ) [64], PSR J1614-2230 (about
1.97M⊙ ) [65], PSR J0348+0432 (about 2.01M⊙) [66], 4U 1700-377 (about 2.4M⊙ ) [67] and J1748-2021B (about
2.7M⊙ ) [68]. VI) We have shown the magnetic field and rainbow function may have repulsive force property. VII)
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We obtained the Kretschmann scalar in gravity’s rainbow as a characteristic of gravity strength and evaluated the its
behavior. VIII) We have extracted a new relation for the maximum mass of a star of given radius in gravity’s rainbow
as Meff <
4c2R
9G .
It will be worthwhile to study the effects of magnetic field on properties of other compact objects such as quark
star and white dwarf in the context of gravity’s rainbow. In this paper we considered a neutron star in static spherical
symmetric spacetime and studied simultaneously the effects of magnetic field and rainbow function on its properties.
Generalization of static compact objects to anisotropic [71–75], rotating [76–82], rapidly rotating [83–87] of compact
objects and investigating the effect of magnetic field in gravity’s rainbow can be interesting topics. We leave these
issues for the future works.
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Appendix: A LOCV formalism for magnetized neutron matter
We suppose a pure homogeneous system composed of spin-up (+) and spin-down (−) neutrons with the number
densities of ρ(+) and ρ(−), respectively. We denote the spin polarization parameter by δ = ρ
(+)−ρ(−)
ρ
and the total
density of system by ρ = ρ(+)+ ρ(−). We use LOCV method to calculate the energy of our system [88, 89]. Although
in order to obtain accurate results we should regard temperature of our system, here we consider zero temperature for
simplicity. A trial many-body wave function of the form ψ = Fφ is considered where φ is the uncorrelated ground-
state wave function of N independent neutrons, and F is a proper N -body correlation function. Applying Jastrow
approximation [? ], F is replaced by F = S
∏
i>j f(ij), where S is a symmetrizing operator. In addition, a cluster
expansion of the energy functional up to the two-body term, E([f ]) = 1
N
〈ψ|H|ψ〉
〈ψ|ψ〉 = E1 + E2, is considered. Taking
the uniform magnetic field along the z direction, B = Bk̂, the spin up and down particles correspond to parallel and
antiparallel spins with respect to the magnetic field. The energy per particle up to the two-body term is
E([f ]) = E1 + E2 − µnBδ,
where E1 =
∑
i=+,−
3
5
~
2k
(i)2
F
2m
ρ(i)
ρ
and E2 =
1
2N
∑
ij〈ij|ν(12)|ij− ji〉 are one-body and two-body energy terms, respec-
tively. The operator ν(12) is nuclear potential which has been given in Ref. [88], and µn = −1.9130427(5) is the
neutron magnetic moment (in units of the nuclear magneton). In the next step, we minimize the two-body energy
with respect to the variations in the trial many-body wave function subject to a normalization constraint presented
in Ref. [88]. The result of minimization of the two-body cluster energy is a set of differential equations [88]. Solving
the differential equations leads to the two-body energy of the system.
Appendix: B EoS of magnetized neutron star matter
From the energy of magnetized neutron matter, we have to consider a suitable EoS. Here we evaluate the pressure
using the following relation
P (ρ,B) = ρ2
(
∂E(ρ,B)
∂ρ
)
B
.
Our results for the EoS of magnetized neutron matter for different values of the magnetic field have been presented
in Fig. 7. It confirms that the EoS of magnetized neutron matter becomes stiffer at higher magnetic fields which is
due to the inclusion of neutron anomalous magnetic moments.
In order to do more investigations of the EoS introduced in this paper, we analyze both energy and stability
conditions. We examine the energy conditions, such as null energy condition (NEC), weak energy condition (WEC),
strong energy condition (SEC), and also dominant energy condition (DEC) at the center of neutron stars. The
requirements of each energy conditions can be summarize as
NEC → Pc + ρc ≥ 0, (32)
WEC → Pc + ρc ≥ 0, & ρc ≥ 0, (33)
SEC → Pc + ρc ≥ 0, & 3Pc + ρc ≥ 0, (34)
DEC → ρc > |Pc| , (35)
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FIG. 7: EoS of magnetized neutron star matter (pressure, P × 1015 (g/cm3) versus density (ρ × 1015 (g/cm3)) for B = 0
(continuous line), B = 5× 1018G (dotted line), and B = 1× 1019G (dashed line).
FIG. 8: Sound speed (v2/c2) versus the density (ρ× 1015 (g/cm3)) for B = 0 (continuous line), B = 5× 1018G (dotted line),
and B = 1× 1019G (dashed line).
in which ρc and Pc are, respectively, the density and pressure at the center (r = 0) of a magnetized neutron star.
Using Fig. 7 and the above conditions (32-35), we obtain the results related to the energy conditions in table V.
Our results show that all energy conditions are satisfied (see table V). So, this EoS of magnetized neutron star
matter is suitable to study the properties of magnetized neutron stars. In order to examine the stability of EoS for
a physically acceptable model, one expects that the velocity of sound, v, be less than the light’s velocity, c, [90, 91].
Considering the relation, v2 =
(
dP
dρ
)
, we have presented the sound speed versus density in Fig. 8. It is evident
that for all magnetic fields, the EoS of magnetized neutron star matter satisfies the inequality 0 ≤ v2 ≤ c2 (see Fig.
8). Furthermore Le Chatelier’s principle is another stability condition that should be fulfilled. The establishment of
this condition indicates that both as a whole and also with respect to the non-equilibrium elementary regions with
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TABLE V: Energy conditions for a neutron star.
B(G) ρc (10
15g/cm3) Pc (10
15g/cm3) NEC WEC SEC DEC
0.0
5× 1018
1× 1019
3.896
3.134
2.977
1.910
1.244
1.218
X
X
X
X
X
X
X
X
X
X
X
X
spontaneous contraction or expansion, the object is stable [69, 92]. It is evident from Fig. 7 that Le Chatelier’s
principle is satisfied. Therefore, the EoS of magnetized neutron star matter satisfied both energy and stability
conditions.
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